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ON GEOMETRIC CONSTANTS FOR (SMALL) MORREY SPACES
AQFIL MU’TAZILI AND HENDRA GUNAWAN
Abstract. In this article, we compute Von Neumann–Jordan constant, James constant, and Dunkl–
Williams constant for small Morrey spaces. Our approach can also be seen as an alternative way in
computing the three constants for the (classical) Morrey spaces. In addition, we prove constructively
that Morrey spaces are not uniformly non-octahedral.
1. Introduction
Let 1 ≤ p ≤ q < ∞. The (classical) Morrey space Mpq = Mpq(Rd) is the set of all measurable
functions f such that
‖f‖Mpq := sup
a∈Rd,R>0
|B(a,R)| 1q− 1p
( ∫
B(a,R)
|f(y)|pdy
) 1
p
<∞,
where |B(a,R)| denotes the Lebesgue measure of the open ball B(a,R) in Rd, with center a and
radius R. Meanwhile, the small Morrey space mpq = m
p
q(R
d) is defined to be the set of all measurable
functions f such that
‖f‖mpq := sup
a∈Rd,R∈(0,1)
|B(a,R)| 1q− 1p
( ∫
B(a,R)
|f(y)|pdy
) 1
p
<∞.
Morrey spaces and small Morrey spaces are Banach spaces [8], and for each p and q the small Morrey
space properly contains the Morrey space. Note that for p = q, the space mqq is identical with the
L
q
uloc space [8].
In [3], three geometric constants, namely Von Neumann–Jordan constant, James constant, and
Dunkl–Williams constant, have been computed for Morrey spaces. For a Banach space (X, ‖ · ‖X) in
general, the three constants are defined by
CNJ(X) := sup
{‖x+ y‖2X + ‖x− y‖2X
2(‖x‖2X + ‖y‖2X)
: x, y ∈ X \ {0}
}
,
CJ(X) := sup
{
min{‖x+ y‖X , ‖x− y‖X} : x, y ∈ X, ‖x‖X = ‖y‖X = 1
}
,
and
CDW(X) := sup
{‖x‖X + ‖y‖X
‖x− y‖X
∥∥∥∥ x‖x‖X −
y
‖y‖X
∥∥∥∥
X
: x, y ∈ X\{0}, x 6= y
}
respectively. These constants measure uniformly non-squareness of X [4, 7].
Here are some known facts about these constants:
• 1 ≤ CNJ(X) ≤ 2 and CNJ(X) = 1 if and only if X is a Hilbert space [6].
• √2 ≤ CJ(X) ≤ 2 and CJ(X) =
√
2 if X is a Hilbert space [2].
• 2 ≤ CDW(X) ≤ 4 and CDW(X) = 2 if and only if X is a Hilbert space [5].
• For 1 ≤ p ≤ ∞, CNJ(Lp) = max{2
2
p
−1, 21−
2
p } [1] and CJ(Lp) = max{2
1
p , 21−
1
p } [2]. Here
Lp = Lp(Rd) denotes the space of p-th power integrable functions on Rd.
For the case of Morrey spaces, we know the following results.
Theorem 1.1. [3] For 1 ≤ p < q <∞, we have CNJ(Mpq) = CJ(Mpq) = 2 and CDW(Mpq) = 4.
In this article, we shall compute the three constants for small Morrey spaces. We prove that
the constants for small Morrey spaces are the same as those for Morrey spaces. Our proof may be
considered as an alternative proof of the above theorem. In addition, we also prove that the (classical)
Morrey spaces are not uniformly non-octahedral.
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2. Main Results
Our main results are presented in the following theorem. We prove the theorem constructively,
using different functions than those used in [3].
Theorem 2.1. Let 1 ≤ p < q <∞. Then CNJ(mpq) = CJ(mpq) = 2 and CDW(mpq) = 4.
Proof. Define f(x) := χ(0,1)(|x|)|x|−
d
q , g(x) := χ(0,ǫ)(|x|)f(x), h(x) := χ(ǫ,1)(|x|)f(x), k(x) := g(x)−
h(x) and l(x) := (1 + δ)g(x) + (1 − δ)h(x) with 0 < ǫ, δ < 1. Here g, h and k depend on ǫ, while
l depends on ǫ and δ. Noting that all functions are radial functions, f, g, l are radially decreasing,
0 ≤ h ≤ f , and |k| = f , we have
‖f‖mpq = sup
R∈(0,1)
|B(0, R)| 1q− 1p
( ∫
B(0,R)
|y|− dpq dy
) 1
p
=
(Cd
d
) 1
q
(
1− p
q
)− 1
p
,
‖g‖mpq = sup
R∈(0,1)
|B(0, R)| 1q− 1p
( ∫
B(0,R)
|χ(0,ǫ)(|y|)f(y)|pdy
) 1
p
= sup
R∈(0,ǫ)
|B(0, R)| 1q− 1p
( ∫
B(0,R)
|y|−dpq dy
) 1
p
=
(Cd
d
) 1
q
(
1− p
q
)− 1
p
= ‖f‖mpq ,
‖h‖mpq ≥ sup
R∈(0,1)
|B(0, R)| 1q− 1p
( ∫
B(0,R)
|χ(ǫ,1)(|y|)f(y)|pdy
) 1
p
= sup
R∈(ǫ,1)
|B(0, R)| 1q− 1p
( ∫
B(0,R)\B(0,ǫ)
|y|−dpq dy
) 1
p
= sup
R∈(ǫ,1)
(Cd
d
) 1
q
− 1
p
R
d
q
− d
p
(
Cd
R∫
ǫ
r−
dp
q
+d−1dr
) 1
p
= sup
R∈(ǫ,1)
(Cd
d
) 1
q
(
1− p
q
)− 1
p
(1−R dpq −dǫ− dpq +d) 1p
= (1− ǫ−dpq +d) 1p ‖f‖mpq ,
and
‖k‖mpq = sup
R∈(0,1)
|B(0, R)| 1q− 1p
( ∫
B(0,R)
|[χ(0,ǫ)(|y|)− χ(ǫ,1)(|y|)]f(y)|pdy
) 1
p
= sup
R∈(0,1)
|B(0, R)| 1q− 1p
( ∫
B(0,R)
|f(y)|pdy
) 1
p
= ‖f‖mpq ,
where Cd denotes the ‘area’ of the unit sphere in R
d. We observe that
CNJ(m
p
q) ≥
‖f + k‖2
m
p
q
+ ‖f − k‖2
m
p
q
2(‖f‖2
m
p
q
+ ‖k‖2
m
p
q
)
=
‖2g‖2
m
p
q
+ ‖2h‖2
m
p
q
2(‖f‖2
m
p
q
+ ‖k‖2
m
p
q
)
=
4‖g‖2
m
p
q
+ 4‖h‖2
m
p
q
2(‖f‖2
m
p
q
+ ‖k‖2
m
p
q
)
≥
2
(‖f‖2
m
p
q
+ (1− ǫ− dpq +d) 2p ‖f‖2
m
p
q
)
‖f‖2
m
p
q
+ ‖f‖2
m
p
q
= 1 + (1− ǫ−dpq +d) 2p ,
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and this holds for any 0 < ǫ < 1. As ǫ can be arbitrarily small, we obtain CNJ(m
p
q) ≥ 2. Since
CNJ(m
p
q) ≤ 2, we conclude that CNJ(mpq) = 2.
Next, for James constant, we observe that
min{‖f + k‖mpq , ‖f − k‖mpq} = min{‖2g‖mpq , ‖2h‖mpq}
≥ 2min{‖f‖mpq , (1− ǫ−
dp
q
+d)
1
p ‖f‖mpq}
= 2(1− ǫ−dpq +d) 1p ‖f‖mpq .
By dividing both sides by ‖f‖mpq (= ‖k‖mpq ), we get
CJ(m
p
q) ≥ min
{∥∥∥∥ f‖f‖mpq +
k
‖k‖mpq
∥∥∥∥
m
p
q
,
∥∥∥∥ f‖f‖mpq −
k
‖k‖mpq
∥∥∥∥
m
p
q
}
= 2(1− ǫ− dpq +d) 1p ,
and this also holds for any 0 < ǫ < 1. Using similar arguments as before, we conclude that CJ(m
p
q) = 2.
Finally, let us compute the Dunkl–Williams constant. Observe that
‖l‖mpq = sup
R∈(0,1)
|B(0, R)| 1q− 1p
( ∫
B(0,R)
|(1 + δ)g(y) + (1− δ)h(y)|pdy
) 1
p
= sup
R∈(0,1)
|B(0, R)| 1q− 1p
( ∫
B(0,R)
|[1 + δχ(0,ǫ)(|y|)− δχ(ǫ,1)(|y|)]f(y)|pdy
) 1
p
= sup
R∈(0,1)
(Cd
d
) 1
q
− 1
p
R
d
q
− d
p
(
Cd
R∫
0
[1 + δχ(0,ǫ)(r)− δχ(ǫ,1)(r)]pr−
dp
q
+d−1dr
) 1
p
=
(Cd
d
) 1
q
(
1− p
q
)− 1
p
(1 + δ)
= (1 + δ)‖f‖mpq .
This implies that
CDW(m
p
q) ≥
‖f‖mpq + ‖l‖mpq
‖f − l‖mpq
∥∥∥∥ f‖f‖mpq −
l
‖l‖mpq
∥∥∥∥
m
p
q
=
‖f‖mpq + (1 + δ)‖f‖mpq
‖f − ((1 + δ)g + (1− δ)h)‖mpq
∥∥∥∥ f‖f‖mpq −
(1 + δ)g + (1− δ)h
(1 + δ)‖f‖mpq
∥∥∥∥
m
p
q
=
(2 + δ)‖f‖mpq
‖δk‖mpq
∥∥∥∥ 2δh(1 + δ)‖f‖mpq
∥∥∥∥
m
p
q
≥ (2 + δ)‖f‖m
p
q
δ‖f‖mpq
2δ(1− ǫ− dpq +d) 1p ‖f‖mpq
(1 + δ)‖f‖mpq
=
(4 + 2δ)
1 + δ
(1 − ǫ−dpq +d) 1p ,
and this holds for any 0 < δ, ǫ < 1. As δ and ǫ can be arbitrarily small, we must have CDW(m
p
q) ≥ 4.
Using the same arguments as before, we conclude that CDW(m
p
q) = 4. 
Remark 2.2. Note that since f, g, h, k, l ∈Mpq with ‖ ⋄ ‖Mpq = ‖ ⋄ ‖mpq = ‖f‖mpq for ⋄ = f, g, k, l and
‖h‖Mpq ≥ ‖h‖mpq ≥ (1−ǫ−
dp
q
+d)
1
p ‖f‖mpq , we obtain that CNJ(Mpq) = CJ(Mpq) = 2 and CDW(Mpq) = 4
for 1 ≤ p < q <∞, as stated in Theorem 1.1.
3. Additional Results
Recall that a Banach space X with a norm ‖ · ‖X is uniformly non-square if there exists a δ > 0
such that
min{‖x+ y‖X , ‖x− y‖X} ≤ 2(1− δ)
for all x, y ∈ X with ‖x‖X = ‖y‖X = 1 [4]. The results in the previous section, especially the fact
that CJ(Mpq) = 2, implies that the Morrey spaces Mpq are not uniformly non-square (and hence not
uniformly convex) for 1 ≤ p < q <∞.
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Using seven functions with (approximately) the same Morrey norm, we can also prove that the
Morrey spaces Mpq (where 1 ≤ p < q <∞) are not uniformly non-octahedral, that is, there does not
exist a δ > 0 such that
min ‖F ±K ± U‖Mpq ≤ 3(1− δ)
for every F,K,U ∈ Mpq with ‖F‖Mpq = ‖K‖Mpq = ‖U‖Mpq = 1. Here the minimum is taken over all
choices of signs in the expression F ±K ± U . This follows from the following theorem.
Theorem 3.1. Let 1 ≤ p < q <∞. Then, for every δ > 0, there exist F,K,U ∈ Mpq (depending on
δ) with ‖F‖Mpq = ‖K‖Mpq = ‖U‖Mpq = 1 such that
‖F ±K ± U‖Mpq > 3(1− δ)
for all choices of signs.
Proof. Let f(x) := |x|− dq , k(x) := [χ(0,1)(|x|) − χ(1,∞)(|x|)]f(x), u(x) := [χ(0,ǫ)(|x|) − χ(ǫ,1)(|x|) +
χ(1, 1
ǫ
)(|x|) − χ( 1
ǫ
,∞)(|x|)]f(x), where 0 < ǫ < 1. Then we have
3g ≤ |f + k + u| ≤ 3f,
3h ≤ |f + k − u| ≤ 3f,
3v ≤ |f − k + u| ≤ 3f,
3w ≤ |f − k − u| ≤ 3f,
where g(x) := χ(0,ǫ)(|x|)f(x), h(x) := χ(ǫ,1)(|x|)f(x), v(x) := χ(1, 1
ǫ
)(|x|)f(x), w(x) := χ( 1
ǫ
,∞)(|x|)f(x).
Observe that ‖f‖Mpq = ‖k‖Mpq = ‖u‖Mpq . Further, we can compute that
‖g‖Mpq = ‖w‖Mpq = ‖f‖Mpq
and
(1− ǫ− dpq +d) 1p ‖f‖Mpq ≤ ‖h‖Mpq = ‖v‖Mpq ≤ ‖f‖Mpq .
The functions that we are looking for are F := f‖f‖
M
p
q
, K := k‖f‖
M
p
q
, and U := u‖f‖
M
p
q
. 
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